Abstract. We prove global existence and uniqueness of strong solutions for the Schrödinger-Poisson system in the repulsive Coulomb case in R 3 in the presence of a smooth magnetic field.
Introduction
The present article is devoted to the studies of the global well-posedness of the magnetic Schrödinger-Poisson system in the space of three dimensions. Such system is relevant to the description of manybody non relativistic quantum particles in the mean-field limit (see e.g. [17] ; see also [4] and references therein), for instance in plasma, when the system interacts with an external magnetic field. We consider non relativistic quantum particles in R 3 . The particles interact via the electrostatic field they collectively generate. In the mean-field limit, the density matrix ρ(t) describing the mixed state at time t of the system satisfies the Hartree-von Neumann equation i∂ t ρ(t) = [H A,V , ρ(t)], x ∈ R 3 , t ≥ 0 −∆V = n(t, x), n(t, x) = ρ(t, x, x), ρ(0) = ρ 0 .
(1.1)
The magnetic Hamiltonian is given by H A,V := (−i∇ + A) 2 + V (t, x), (1.2) where the magnetic vector potential A ∈ C 1 (R 3 , R 3 ) ∩ L ∞ (R 3 , R 3 ), with divA = 0. Here, (−i∇ + A) 2 stands for the magnetic Laplacian on L 2 (R 3 ); see [4, 5, 17] for a derivation of such system of equations in the non-magnetic case. Since ρ(t) is a nonnegative, self-adjoint trace-class operator acting on L 2 (R 3 ), its kernel can, for every t ∈ R + , be decomposed with respect to an orthonormal basis of L 2 (R 3 ). Let us represent the kernel of the initial data ρ 0 in the form
where {ψ 0,k } k∈N stands for an orthonormal basis of L 2 (R 3 ) and with coefficients that fulfil
We will prove below, that there exists a one-parameter family of complete orthonormal bases of L 2 (R 3 ), {ψ k (t)} k∈N for t ∈ R + , with ψ k (0, x) := ψ 0,k (x) and such that the kernel of the solution ρ(t) to (1.1) can be represented as
Let us note that −iH A,V and ρ(t) form a Lax pair in the original equation (1.1), namely that it fufills
, with ρ(t) and H A,V self-adjoint. Therefore, (see e.g. [12] ) ρ is isospectral, i.e., the spectrum of ρ is time-independent. Hence the coefficients λ are independent of t, and thus the same as those in ρ 0 . When substituting (1.4) in (1.1), the one-parameter family of orthonormal vectors {ψ k (t)} k∈N is seen to satisfy the magnetic Schrödinger-Poisson system
The potential function V [Ψ ] satisfies the Poisson equation (1.6). We remind that V [Ψ ] has the explicit Newtonian potential integral representation (see e.g. [7, 11] ).
We will establish in Lemma 2.5 below that solutions of (1.5)-(1.7) preserve the orthonormality of {ψ k (t)} k∈N .
We introduce the magnetic Sobolev norms for functions:
The usual Sobolev norms f 2 H 1 (R 3 ) and f 2 H 2 (R 3 ) will be used when the magnetic vector potential A(x) vanishes. The state space for our magnetic Schrödinger-Poisson system is given by
Let us define the inner product for fixed λ ∈ 1 , λ k ≥ 0, and for sequences of square integrable functions
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Clearly, it induces the norm
Let us introduce the corresponding Hilbert space
Let us also give the Hilbert space defining strong solutions
Our main result is as follows.
Remark. i) By a mild solution , we understand a solution in a distributional sense (see e.g. [15, § 4.1]). However, as the above theorem states, any mild solution is also a strong solution.
ii) The boundedness assumption for A forbids to consider here the interesting case of constant magnetic fields. Although we believe that Theorem 1.1 remains true in this case, the current proof can not be directly extended to the unbounded case. The technical reason is that, in the unbounded case, we loose the equivalent norm properties of Lemma 2.1 which are used for the existence property in the proof of Lemma 2.3. The study of unbounded magnetic vectors is left for a future work. iii) Another interesting case to study is when the free energy (−i∇ + A) 2 in (1.5) is replaced by the semi-relativistic version (−i∇ + A) 2 + m 2 − m. Note that the semi-relativistic case, without external magnetic field, has been treated in [1, 2] .
Proving the global well-posedness of the Schrödinger-Poisson system plays a critical role in establishing the existence and nonlinear stability of stationary states, i.e. the nonlinear bound states of the Schrödinger-Poisson system, which was done in the non magnetic case in [7, 14] . These issues in the semirelativistic regime were addressed recently in [1] , [2] , [3] . The case of the magnetic Schrödinger-Poisson system in a bounded domain of R 3 was treated in [6] . The corresponding one dimensional problem was studied in [18] . The existence of solutions for a single Nonlinear Schrödinger (NLS) equation with a magnetic field was established in [10] , see also [9] .
Proof of global well-posedness
Let us make a fixed choice of λ = {λ k } ∞ k=1 ∈ 1 , with λ k ≥ 0 and k∈N λ k = 1 for the sequence of coefficients determined by the initial data ρ 0 of the Hartree-von Neumann equation (1.1) via (1.4), for t = 0.
Let us introduce inner products (·, ·) Y A and (·, ·) Z A inducing the magnetic Sobolev norms
and
We define the corresponding Hilbert spaces
Well-posedness of the magnetic Schrödinger-Poisson system in R 3 and
respectively. The notations Φ Y , Φ Z will be used when the magnetic vector potential A(x) vanishes in R 3 , similarly to Section 3 of [7] . We have the following equivalence of magnetic and non magnetic norms.
Lemma 2.1. Assume that the vector potential Proof. In the argument below, with a slight abuse of notations C will denote a finite, positive constant. Since the vector potential A(x) is bounded in R 3 , as assumed, we easily obtain
and completes the proof of the part a) of the lemma. By virtue of (2.2), we have
Evidently,
Obviously, we have
By means of the result of the part a), the right side of the second inequality above can be estimated from above by C f H 1 A (R 3 ) . Evidently, this expression has an upper bound C f
Therefore, we have
, which completes the proof of the part b) of the lemma. The statements of parts c) and d) follow easily from the ones of a) and b) using norm definitions (2.1).
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Well-posedness of the magnetic Schrödinger-Poisson system in R 3
Let Ψ = {ψ m } ∞ m=1 be a wave function and the magnetic kinetic energy operator acts on it (−i∇+A) 2 Ψ componentwise. We have the following two auxiliary lemmas.
Lemma 2.2. The domain of the magnetic kinetic energy operator (−i∇+A)
2 on X is given by D((−i∇+ A)
2 ) = Z A = Z, and the operator (−i∇ + A) 2 generates the strongly continuous one parameter group e −it(−i∇+A) 2 , t ∈ R on X.
Proof. Since the magnetic potential A is a bounded function, using Kato-Rellich theorem, the domain of (−i∇ + A)
2 is the domain of −∆. Thus Z A = Z. The existence of a strongly continuous parameter group is obtained by generalization to the space X of the well-known properties for (−i∇ + A) 2 on L 2 (R 3 ) (see e.g. [8] ).
Let us rewrite the magnetic Schrödinger-Poisson system for x ∈ R 3 into the form
3)
and derive the following auxiliary result. 
Proof. By means of the result [11, Proposition 3.2], we have for Ψ and Φ in Z
where the constant C( Φ Z , Ψ Z ) depends in a monotone increasing way on Φ Z and Ψ Z . Therefore, using the equivalence of magnetic and non magnetic norms proved in Lemma 2.1, we obtain that the map F : Z A → Z A is locally Lipschitz continuous. By virtue of [15, Theorem 1.7 §6], along with the Lipschitz property of F , we obtain that the magnetic Schrödinger-Poisson system admits a unique mild solution Ψ in Z A on a time interval [0, T ). This solution solves the integral equation
We also obtain from [15, Theorem 1.7 §6] that Ψ is a unique strong solution in X on the same time interval.
Let us establish the conservation of energy for the solutions to our magnetic Schrödinger-Poisson system in the following sense. and for any value of time t ∈ [0, T ) the identity
holds.
Proof. Complex conjugation of our magnetic Schrödinger-Poisson system (1.5) yields
Let us add the k-th equation of (1.5) multiplied by ∂ψ k ∂t , and the k-th equation in (2.6) multiplied by ∂ψ k ∂t
. We arrive at
Multiplying by λ k , and summing over k, we easily derive
It can be trivially shown that
Substituting this equality in (2.7) yields the result of the lemma.
Below we establish a conservation law for the density.
Lemma 2.5. Suppose that the initial condition {ψ 0,k (x)} k∈N of the Schrödinger-Poisson system (1.5)-(1.7) is a complete orthonormal system in L 2 (R 3 ). Let T be given by Lemma 2.3. Then for any t ∈ [0, T ), the set {ψ k (·, t)} k∈N remains a complete orthonormal system in L 2 (R 3 ). Moreover, the X-norm of the solutions is preserved,
Proof. We have, using (1.5)
where δ k,l stands for the Kronecker symbol. Hence, for k ∈ N,
Thus for t ∈ [0, T ), the X-norm is preserved,
For the unique given solution Ψ (t) of our magnetic Schrödinger-Poisson system on [0, T ) given by Lemma 2.3, we obtain the time-dependent magnetic single particle Hamiltonian
with the scalar potential V Ψ satisfying −∆V Ψ (t, x) = n[Ψ (t)], and given by the integral representation (1.9). The components of Ψ (t) thus satisfy the non-autonomous magnetic Schrödinger equa-
Indeed, by means of [11, Lemma 3.3] , we have
Then by virtue of the equivalence of magnetic and non magnetic norms established in Lemma 2.1, we arrive at Therefore, by means of (2.8) we obtain the expansion
for t ∈ [0, T ), thus proving that {ψ k (t)} is complete.
Armed with Lemma 2.1-Lemma 2.4 proved above, we now proceed to the establishment of our main result.
Proof of Theorem 1. Due to the above Lemmas, it only remains to show that the solution is global in time.
Let us apply the norm . Z A to both sides of (2.4), to obtain
We have
which can be proven analogously to the argument of Lemma 3.9 of [11] using the energy conservation statement of Lemma 2.4. Hence
Gronwall's lemma gives us Ψ (t) Z A ≤ Ψ (0) Z A e Ct , t ∈ [0, T ).
By means of the blow-up alternative, this implies that our magnetic Schrödinger-Poisson system is globally well-posed in Z A .
